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GLOBAL EXISTENCE FOR THE 3-D SEMILINEAR DAMPED
WAVE EQUATIONS IN THE SCATTERING CASE
YIGE BAI AND MENGYUN LIU
Abstract. We study the global existence of solutions to semilinear damped
wave equations in the scattering case with derivative power-type nonlinearity
on (1+3) dimensional nontrapping asymptotically Euclidean manifolds. The
main idea is to exploit local energy estimate, together with local existence to
convert the parameter µ to small one.
1. Introduction
In this work, we consider the global existence of solutions for the Cauchy problem
of the damped semilinear wave equation
utt −∆gu+ µ∂tu
(1 + t)β
= |∂tu|p,(1.1)
with initial data
u(0, x) = f(x), ∂tu(0, x) = g(x),(1.2)
where β > 1, and µ, β ∈ R. Here we consider the nontrapping asymptotically
Euclidean manifolds (Rn, g), and
∆g =
n∑
i,j=1
√
|g|−1∂igij
√
|g|∂j ,
g = g0 + g1(r) + g2(x), g is nontrapping,(1.3)
where gij0 = δ
ij , g1 and g2 are of the form gjkdx
jdxk, 〈x〉 = √1 + x2,
|∇axgi,jk|.a〈x〉−|a|−ρi , i = 1, 2, ρ = min(ρ1, ρ2 − 1), ρ1 < ρ2,(1.4)
where ρ1 > 0, ρ2 > 1 are fixed and (g
ij(t, x)) denotes the inverse matrix of (gij(t, x)).
We assume the first perturbation g1 is radial.
When g = g0, and µ = 0, Glassey made a conjecture that the critical power p for
the problem to admit global solutions with small, smooth initial data with compact
support is
pc := 1 +
2
n− 1
in Glassey [2] (see also Schaeffer [7] and Rammaha [6]), where n is the spatial
dimension. The conjecture was verified for n = 2, 3 for general data ( Hidano and
Tsutaya [3] and Tzvetkov [10] independently, as well as the radical case in Sideris
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[8] for n = 3). Zhou [16] obtained the blow up results for n ≥ 4, when p ≤ pc
and Hidano, Wang, Yokoyama [4] obtained the global existence for p > pc when
n ≥ 4 under the radically symmetric assumption. For the results on the Glassey
conjecture on certain asymptotically flat manifolds (g1, g2 6= 0): n = 3 was proved
by Wang [11] on certain small space time perturbation of the flat metric, as well as
the nontrapping asymptotically Euclidean manifolds. Moreover, in Wang [11] the
Glassey conjecture was proved when n ≥ 3 in radical case on radical asymptotically
flat manifolds. See also Wang [12] for related results on exterior domain with
nontrapping obstacles.
When g = g0, µ > 0, for the corresponding linear problem
(1.5) u+ µ
ut
(1 + t)β
= 0
we say that the damped term is “scattering” when β ∈ (1,+∞) since the solution
behaves like that of wave equation (see, e.g., Wirth [13] [14] [15] for the classifica-
tions of (1.5)).
When g = g0 and µ > 0, Lai and Takamura [5] proved that (1.1) blows up
at finite time when 1 < p ≤ pc and n ≥ 1. In view of the results of [11] and the
“scattering” damping term, it is natural to expect (1.1) would admit global solution
for any µ ∈ R when n = 3 and p > 2. In following Theorem, we prove that it is the
case. See Theorem 4.1 for a more precise statement.
Theorem 1.1. Let n = 3, and assume (1.3) (1.4). Consider the problem (1.1)
with p > 2. Then there exists a global solution u for any initial data which are
sufficiently small, decaying and regular.
Let us describe the strategy of the proof. We basically follow the approach that
appeared in [11] to give the proof. Firstly, by local existence (Lemma 3.1), we
obtain for any T > 0 there exists ε0 such that if the norm of initial data less than
ε0, the solution could exist up to time T . Thus from T time, we can convert the
damping term µ
(1+t)β
to some
˜µ(t)
(1+t)β˜
with |µ˜| small enough and β˜ > 1 and then we
mainly exploit local energy estimate with variable coefficient (Lemma 2.3) appeared
in [11] Lemma 3.5 to get global solution.
Remark 1.2. The similar argument works for nonlinearity c1(u)u
2
t + c2(u)|∇u|p,
where c1, c2 are given smooth functions.
Remark 1.3. When n ≥ 4 and g2 = 0, the argument in [11] can be adapted to
prove the global existence for p > pc with small radial data.
Remark 1.4. When n = 2 and g1 = g2 = 0, we can use the similarly argument to
show (1.1) admits global solution for p > pc.
Remark 1.5. When n ≥ 2 and p = pc, we can obtain the lower bound of existence
time of (1.1) Tε ≥ ecε1−p in a similar way.
We close this section by listing some notations. The vector fields to be used will
be labeled as
Y = (Y1, . . . , Yn(n+1)/2) = {∇x,Ω},
Here Ω denotes the generators of spatial rotations:
Ωij = xi∂j − xj∂i, 1 ≤ i < j ≤ n.
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For a norm X and a nonnegative integer m, we shall use the shorthand
|Y ≤mu| =
∑
|µ|≤m
|Y µu|, ‖Y ≤mu‖X =
∑
|µ|≤m
‖Y µu‖X ,
For fixed T > 0, the space-time norm LqTL
r
x is simply L
q
t ([0, T ], L
r
x(R
n)). In the
case of T =∞, we use LqtLrx to denote Lqt ([0,∞), Lrx(Rn)). As usual, we use ‖ ·‖Em
to denote the energy norm of order m ≥ 0,
‖u‖E = ‖u‖E0 = ‖∂u‖L∞T L2x , ‖u‖Em =
∑
|a|≤m
‖Y au‖E.(1.6)
We will use ‖ · ‖LE to denote the (strong) local energy norm
‖u‖LE = ‖u‖E + ‖∂u‖l−1/2∞ (L2tL2x) + ‖r
−1u‖
l
−1/2
∞ (L2tL
2
x)
, ‖u‖LEm =
∑
|a|≤m
‖Y au‖LE,
(1.7)
where we write
‖u‖lsq(A) = ‖(φj(x)u(t, x))‖lsq(A),
for a partition of unity subordinate to the dyadic (spatial) annuli,
∑
j≥0 φ
2
j (x) = 1.
2. Preliminary
In this section, we give some energy type estimates for linear damped wave
equation
(2.1) utt −∆gu+ µ∂tu
(1 + t)β
= F.
Moreover, we list the local energy estimate Lemma 2.3 which we shall use later.
Lemma 2.1. Assume (1.3) (1.4). Let u ∈ C2([0, T ] × Rn) vanishing for large x
and satisfy (2.1) then we have
(2.2) ‖∂u(t)‖L2x ≤ C0
(
‖∂u(0)‖L2x +
∫ T
0
‖F‖L2xdt
)
,
where C0 is constant depends on µ and β.
Proof. This is standard energy type estimate (See, e.g., Sogge [9] Proposition
2.1). For the readers’ convenience, we give the sketch of proof.
Let E2(t) = 12
∫
Rn
(
(∂tu)
2 + gjk∂xju∂xku
)√|g|dx, then
(E2)′ =
d
dt
1
2
∫
Rn
(
(∂tu)
2 + gjk∂xju∂xku
)√|g|dx
=
∫
Rn
(utt −∆gu)ut
√
|g|dx
=
∫
Rn
Fut
√
|g|dx−
∫
Rn
µ
(1 + t)β
u2t
√
|g|dx
.‖F‖L2E +
|µ|
(1 + t)β
E2.
Thus
E′.‖F‖L2 +
|µ|
(1 + t)β
E,
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by Gronwall’s inequality
E(t).(E(0) + ‖F‖L2)e
|µ|
β−1 , 0 ≤ t ≤ T.
By the assumption (1.3) (1.4), there exists a constant C such that
1
C
‖∂u‖L2 ≤ E(t) ≤ C‖∂u‖L2,
hence (2.2) follows.
Corollary 2.2. (Higher order energy estimate) Under the same assumption of
Lemma 2.1. If β > 1, we have
‖∂Y ≤2u(t)‖L2x ≤ C1eC1T
(
‖∂Y ≤2u(0)‖L2x +
∫ T
0
‖Y ≤2F‖L2xdt
)
,
where C1 is constant depends on µ and β.
Proof. Applying the vector field Y ≤2 to both sides of the equation (2.1), and
note that
[∆g,∇µΩν ]u =
∑
|µ˜|+|ν˜|≤|µ|+|ν|
|ν˜|≤|ν|
b˜αµ˜ν˜∇µ˜Ων˜∇αu.
By assumption (1.3) (1.4) we have ‖b˜‖L∞ <∞. Then we have
(2.3) (∂tt −∆g)Y ≤2u+ µ∂tY
≤2u
(1 + t)β
= F˜ := Y ≤2F +
∑
|µ|+|ν|≤2
[∆g,∇µΩν ]u
Applying Lemma 2.1 to (2.3) we obtain
‖∂Y ≤2u(t)‖L2x
≤C0
(‖∂Y ≤2u(0)‖L2x + ∫ T
0
‖F˜‖L2xdt
)
.
(‖∂Y ≤2u(0)‖L2x + ∫ T
0
‖Y ≤2F‖L2xdt+
∑
|µ|+|ν|≤2
∫ T
0
‖[∆g,∇µΩν ]u‖L2xdt
)
.
(‖∂Y ≤2u(0)‖L2x + ∫ T
0
‖Y ≤2F‖L2xdt
)
+
∫ T
0
‖b˜‖L∞x ‖∂Y ≤2u‖L2xdt
Then by Gronwall’s inequality,
‖∂Y ≤2u(t)‖L2x ≤ C1eC1T
(
‖∂Y ≤2u(0)‖L2x +
∫ T
0
‖Y ≤2F‖L2xdt
)
.
Lemma 2.3. Let n ≥ 3 and consider the problem utt −∆g = F on the manifold
(Rn, g) satisfying (1.3) (1.4) with ρ = min(ρ1, ρ2 − 1) > 0. Then for any positive
θ > 0, we have the following higher order local energy estimates:
‖u‖LEk.
∑
|a|.k
(
‖∂Y au(0)‖L2x + ‖Y aF‖L1tL2x+l
1
2
+θ
2
L2tL
2
x
)
.(2.4)
Proof. See Wang [11] Lemma 3.5.
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3. Local Existence
Lemma 3.1. Consider the problem (1.1) on the manifold (R3, g) satisfying (1.3)
(1.4). Then there exists small positive constant ε0, such that for any initial data
(f, g) ∈ H1 × L2 satisfying
‖∇Y ≤2f‖L2x + ‖Y ≤2g‖L2x = εp ≤ ε0,
there exist Tε > 0 with limε→0+ Tε =∞. and a unique solution u with
‖∂Y ≤2u(t)‖L∞t ([0,T ])L2x ≤ 2C1ε.
Proof. We define a closed subset of Banach space
ET = {u; ‖u‖ET := sup
0≤t≤T
‖∂Y ≤2u‖L2x ≤ 2C1ε},
and a map Γ : v → u, satisfying
(3.1)
{
utt −∆gu+ µ∂tu(1+t)β = |∂tv|p,
u(0, x) = f, ∂tu(0, x) = g.
Then we are reduced to show Γ is a contraction map from ET to ET .
Firstly, we will prove Γ : ET → ET .
For any v ∈ ET , by Corollary 2.2, we have
‖Γv‖ET = sup
0≤t≤T
‖∂Y ≤2u‖L2x
≤ C1eC1T
(
‖∂Y ≤2u(0)‖L2x +
∫ T
0
‖Y ≤2F‖L2xdt
)
.
Since
Y ≤2F (v) = Y ≤2|∂tv|p ∼ |∂tv|p−1Y ≤2∂tv + |∂tv|p−2(Y ≤1∂v)2.
For the first term, by Ho¨lder’s inequality and Sobolev imbeddingH2(R3) →֒ L∞x (R3)
we have
‖|∂tv|p−1Y ≤2∂tv‖L2x ≤ ‖∂tv‖
p−1
L∞ ‖∂Y ≤2v‖L2x.‖∂Y ≤2v‖
p
L2x
.
Similarly, for the second term, by Sobolev imbedding H1(R3) →֒ L4(R3), we have
‖|∂tv|p−2(Y ≤1∂v)2‖L2x ≤ ‖∂tv‖
p−2
L∞x
‖Y ≤1∂v‖2L4x.‖∂tv‖
p−2
L∞x
‖∂Y ≤2v‖2L2x.‖∂Y
≤2v‖pL2x .
Hence
‖Γv‖ET ≤ C1eC1T (εp + C2(2C1ε)p)
≤ 2C1ε
if we take
T ≤ 1
C1
ln(
1
2pCp1C2ε
p−1
).
Secondly, we will prove Γ : ET → ET is contraction. For any u, v ∈ ET with
(Γu, u), (Γv, v) satisfy (3.1), then Γ(u− v) satisfies that
(3.2)
{
(∂tt −∆g)Γ(u− v) + µ∂tΓ(u−v)(1+t)β = |∂tu|p − |∂tv|p,
Γ(u− v)(0, x) = 0, ∂tΓ(u− v)(0, x) = 0.
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By applying corollary 2.2, we have
‖∂Y ≤2Γ(u− v)‖L2x ≤ C1eC1T
∫ T
0
‖Y ≤2(|∂tu|p − |∂tv|p)‖L2xdt.
Since
Y ≤2(|∂tu|p − |∂tv|p) ∼ (|∂tu|p−3 + |∂tv|p−3)(Y (∂tu+ ∂tv))2(∂tu− ∂tv)
+(|∂tu|p−2 + |∂tv|p−2)Y ≤2(∂tu+ ∂tv)Y ≤2(∂tu− ∂tv),
by Ho¨lder’s inequality and Sobolev inequality, we have
‖|∂tu|p−3(Y (∂tu+ ∂tv))2(∂tu− ∂tv)‖L2x
.‖∂tu‖p−3L∞x ‖Y (∂tu+ ∂tv))‖
2
L4x
‖∂tu− ∂tv‖L∞x
.‖∂Y ≤2u‖p−3L2x ‖Y
≤2∂u+ Y ≤2∂v))‖2L2x‖Y
≤2∂(u− v)‖L2x .
Similarly,
‖(|∂tu|p−2 + |∂tv|p−2)Y ≤2(∂tu+ ∂tv)Y ≤2(∂tu− ∂tv)‖L2x
. (‖∂tu‖p−2L∞x + ‖∂tv‖
p−2
L∞x
)‖Y ≤2(∂tu+ ∂tv)‖L4x‖Y ≤2(∂tu− ∂tv)‖L4x
. (‖∂Y ≤2u‖p−2L2x + ‖∂Y
≤2v‖p−2L2x )‖Y
≤2∂u+ Y ≤2∂v‖L2x‖Y ≤2∂(u− v)‖L2x .
Hence
‖Γ(u− v)‖ET = ‖∂Y ≤2(u− v)‖L∞t L2x
.C1e
C1TTC3(2C1ε)
p−1‖u− v‖ET
≤ 1
2
‖u− v‖ET ,
if we take
T ≤ 1
C1
ln(
1
2pCp1C3ε
p−1
).
Therefore, Γ is a contraction map from ET to ET , if we take
T = min{ 1
C1
ln(
1
2pCp1C3ε
p−1
),
1
C1
ln(
1
2pCp1C2ε
p−1
)}.
Thus there is a unique solution in ET .
4. Global Existence of equation (1.1)
Theorem 4.1. Consider the problem (1.1) on the manifold (R3, g) satisfying (1.3)
(1.4) with ρ = min(ρ1, ρ2 − 1) > 0. Then there exists small positive constants ε0
such that for any initial data satisfying
(4.1)
∑
|a|≤2
‖∂Y au(0)‖L2x(R3) = εp ≤ ε0, ‖u(0)‖L2(R3) <∞ .
There is a global solution u with ‖u‖LE2.ε.
Proof. We rewrite the equation (1.1) as
(4.2) utt −∆gu+ µ
(1 + t)γ
∂tu
(1 + t)β−γ
= |∂tu|p,
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where 0 < γ < 1 such that β˜ = β − γ > 1. Let µ˜(t) = µ(1+t)γ , then (4.2) becomes
(4.3) utt −∆gu+ µ˜(t)ut
(1 + t)β˜
= |∂tu|p,
From the local existence Lemma 3.1, we know for any T > 0, there exits ε0 > 0, if
initial data satisfy (4.1) then (4.3) has a unique solution u in [0, T ] with
‖∂Y ≤2u‖L∞t ([0,T ])L2x ≤ 2C1ε.
Thus |µ˜(t)| ≤ |µ|(1+T )γ can be sufficiently small if we take T sufficiently large. Then
from the T time, we are reduced to consider the equation
(4.4)
{
utt −∆gu = G(u) := |∂tu|p − µ˜(t)∂tu(t)(1+t)β˜ , t ≥ T
u(T, x) = f, ∂tu(T, x) = g.
with
‖Y ≤2∇f‖L2x + ‖Y ≤2g‖L2x ≤ 2C1ε,(4.5)
and
‖u(T )‖L2 = ‖
∫ T
0
∂tu(s)ds+ u(0)‖L2 ≤ T ‖∂u‖L∞t L2x + ‖u(0)‖L2 <∞.
Let G(u) = G1(u)+G2(u) = |ut|p− µ˜(t)∂tu(t)(1+t)β˜ and from now on, we denote ‖u‖LptLqx
as ‖u‖Lpt ([T,∞])Lqx . Set u0 ≡ 0 and define uk+1 to be the solution to the equation
(∂tt −∆g)uk+1 = G(uk), uk+1(T, x) = f(x), ∂tuk+1(T, x) = g(x).
Boundedness: By the smallness condition (4.5) on the data, it follows from
Lemma 2.3 that there is a universal constant C4 so that
‖u1‖LE2 ≤ C4ε, ‖uk+1‖LE2 ≤ C4ε+ C4
∑
|a|≤2
‖Y aG(uk)‖L1tL2x .(4.6)
We shall argue inductively to prove that
‖uk+1‖LE2 ≤ 2C4ε.(4.7)
By the above, it suffices to show∑
|a|≤2
‖Y aG(u)‖L1tL2x ≤ ε,(4.8)
for any u with ‖u‖LE2 ≤ 2C4ε ≤ 1.
For the G1 = |ut|p part, by (4.6) of [11]
‖Y ≤2|∂tu|p‖L1tL2x.‖u‖
p
LE2
.
For the G2(u) part, since
‖ µ˜(t)
(1 + t)β˜
Y ≤2∂tu‖L1tL2x.‖
µ˜(t)
(1 + t)β˜
‖L1t ‖Y ≤2∂tu‖L∞t L2x
.
‖µ˜(t)‖L∞t
β˜ − 1 ‖u‖LE2
In conclusion, we see that there exists a constant C5 such that
‖Y ≤2G(u)‖L1tL2x ≤ C5(2C4ε)p + 2C4εC5
‖µ˜(t)‖L∞t
β˜ − 1 ≤ ε
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for ε ≤ ε0 with
C5(2C4)
pε
p−1
0 + 2C4C5
‖µ˜(t)‖L∞t
β˜ − 1 ≤ 1.
Convergence of the sequence uk: We see that
‖G(u)−G(v)‖L1tL2x ≤ ‖G1(u)−G1(v)‖L1tL2x + ‖G2(u)−G2(v)‖L1tL2x .
For the first part, by the 1st display on page 7442 of [11] we have
‖G1(u)−G1(v)‖L1tL2x.(‖u‖LE2 + ‖v‖LE2)p−1‖u− v‖LE.
For the second part, since
‖G2(u)−G2(v)‖L1tL2x = ‖
µ˜(t)
(1 + t)β˜
(∂tu− ∂tv)‖L1tL2x
.‖ µ˜(t)
(1 + t)β˜
‖L1tL∞x ‖∂(u− v)‖L∞t L2x
.
‖µ˜(t)‖L∞t
β˜ − 1 ‖u− v‖LE .
Hence there exists a constant C6 such that
‖G(u)−G(v)‖L1tL2x ≤
(
C6(4C4ε)
p−1 + C6
‖µ˜(t)‖L∞t
β˜ − 1
)‖u− v‖LE ≤ 1
2
‖u− v‖LE
for ε ≤ ε0 and ε0 satisfies(
C6(4C4ε0)
p−1 + C6
‖µ˜(t)‖L∞t
β˜ − 1
) ≤ 1
2
.
Together with the uniform boundedness (4.7), we find an unique global solution
u ∈ L∞x ([T,∞];H3) ∩ Lipt([T,∞];H2) with ‖u‖LE2 ≤ 2C4ε.
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